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Abstract

Can Noise Create the Size and Value Effects?

Blume and Stambaugh (1983) argue that that the bid-ask spread leads to a random
noise in stock price and show that, with noise in price, a stock with higher noise
volatility has a higher unconditional expected return. Black (1986) and Summers
(1986) suggest that market inefficiency also produce noise in price at quarterly and
annual frequencies, thus beyond the extent of market microstructure.

In this paper, we show that price noise can produce rich patterns in conditional
expected returns. In particular, cross-sectional variations in expected returns con-
ditional on price and price-ratios can be generated by variations in realizations of the
price noise and thus exist even in the stock have an identical unconditional distribu-
tion. We show that stocks with lower prices or lower price ratios have higher expected
returns. These higher expected returns are not compensation for risk but are generated
because a stock with a low price or a price-ratio is more likely to have a negative price
noise which leads to a higher expected return.

One advantage of our approach is parsimony. All stocks are identical ex-ante in
our model. The cross-sectional variation in expected return is determined from the
parameters that specify the time-series property of one representative stock. Another
advantage is a small stock in our approach is a stock that has a low market capitaliza-
tion, whereas Blume and Stambaugh have to make an extra assumption that a smaller
stock has higher noise volatility.

Fama and French (1992) use the matrix of expected returns conditional on size-value
deciles as a demonstration of size and value effects. This matrix can be computed in
closed form using our model and, for plausible parameters, is similar to its empirical
counterpart (Table V of Fama and French). Our study suggests that noise can create
the size and value effect.



1 Introduction

Blume and Stambaugh (1983) argue that the bid-ask spread leads to a random noise in
stock price and show that, in the presence of noise in price, the unconditional expected
return of a stock with a higher noise volatility is higher. Thus, a smaller firm has a higher
unconditional expected return assuming that it is more likely for smaller to have a higher
noise volatility. Black (1986), and Summers (1986) suggest that market inefficiency can
produce a random noise in price beyond the scope of market microstructure and propose
that autocorrelation in stock returns as an evidence.

In this paper, we show that noise in price can produce rich patterns of conditional
expected returns. We show that a stock with a low price! and/or price-dividend ratio has
a lower expected return. With a plausible set of parameters, where the conditional volatility
of return due to noise is about 6%, the matrix of expected returns conditional on size and
value deciles computed using our model is similar to the matrix of Fama and French (1992).

The novelty of our approach is that stocks have identical unconditional distributions.
The cross-sectional variation in expected returns is generated by the variation of realizations
of price noise: a stock with a negative (positive) realization of noise have a higher (lower)
expected return. This has two advantages. The first one is in the parsimony of the model,
we only need to specify the time-series property of one representative stock. For example, we
only need to specify 7 parameters to produce the 10 x 10 matrix of expected return conditional
on size/value deciles in Fama-French (1992). The second advantage is that small (value?)
stocks in our model are stocks with low market caps (low price-dividend ratios), whereas
Blume and Stambaugh (1983) have to make additional assumptions that small stocks have
high noise volatility.

In our model, the size and value effects have the same source—noise. The intuition is
the following. A stock with a positive noise should have a lower expected return. Although
noise is unobservable, they can be inferred from prices: noise for a stock is more likely
positive if its price is high. The same intuition applies for price-book as well as a variety of
other price-fundamental ratios. In Blume and Stambaugh (1983) the higher unconditional
expected return for a stock with higher volatility because of a stronger Jensen’s inequality
effect.

We should point out that our model is different from Berk (1995, 1997) in subtle ways.
Berk also studies unconditional expected returns, thus their variation has to be generated
from difference in unconditional distributions. In our calibration exercise, stocks have identi-
cal unconditional distribution and thus have no variation in unconditional expected returns.

Our model predicts that small and value stocks are on average riskier, in the sense

!Throughout this paper, we assume that firms have only one stock share outstanding. Therefore, we can
use ”price”, market capitalization, and market equity (as in Fama and French (1992)) interchangeably.

2In this paper, we use “value” to mean the fundamental or intrinsic value of a stock and use it also in
“value effects”. Which usage of the term should be clear from context.



that both systematic and idiosyncratic risks are higher. The average beta® and the average
idiosyncratic volatility with noise are a few percents higher than the averages without noise,
given the parameters calibrated to US market data. However, the higher expected returns in
small and value stocks cannot be accounted for by slightly higher (systematic) risks. They
are driven mostly by pricing noise in the stock market. Our result suggest that value stocks
are, indeed, more likely to be undervalued.

We should point out that it is possible that higher expected returns of small-cap and value
stocks may not persist over time. On the other hand, they may persist over time due to
the limits of arbitrage, associated with either risks of small and value stocks or transactional
costs.

In our paper, both the noise and the value process are exogenously given. The value
process, which is a Gaussian random walk in our paper, is used in many academic studies
and can be generated in an equilibrium model. This specification is useful for closed-form
solution for the size and value spread. In general, the value process from asset pricing
theories may not have the exact form we assumed, however the intuition still applies. The
noise process, which describes deviations from equilibrium, is exogenously specified as a
mean reverting process. Our specification of the noise is quite intuitive and plausible and is
used extensively in literature (Summers (1986), Poterba and Summers (1988), and Fama and
French (1988), to name a few). To endogenize the noise process, a model of off-equilibrium
is needed, which is beyond the scope of this paper.

However, it is not easy to detect the presence of these temporary deviations, as pointed
out by Summers (1986), Fama and French (1988), and Poterba and Summers (1988). At
the same time, the cross section of expected returns predicted by economic theories does not
match that observed in the data. In particular, stocks with a low price(market capitaliza-
tion) and/or price-to-fundamental ratio have higher expected returns, as summarized by the
matrix (Fama and French (1996) deciles.

Our paper is organized as follows. In Section 2, we review the related literature briefly.
In Section 3, we formally introduce the model of noise and specify the parameters of the
model. We explore the implication on unconditional expected stock returns in the presence
of pricing noise. We show that stocks with greater noise earn higher returns, on average. In
Section 4, we compute the expected returns conditional on price and price ratios. In section
5, we compute the matrix of expected return conditional on size and value simultaneously.
We then compute the matrix of expected returns, beta, and alpha conditional on size and
value deciles. We make concluding remarks in Section 6.

3Lakonishok, Shleifer, and Vishny (1994) found that the beta of the value stocks is about 0.1 higher than
the beta of the growth stocks.



2 Literature Review

Our paper is closely related to two brands of literature, namely, that on noise in price and
on value and size effects.

Blume and Stambaugh (1983) argue that observed price is either the bid or the ask, not
the fundamental value, thus price is different from the fundamental value by a random noise
term.* They show that the unconditional expected returns increases with the volatility of
the noise. A smaller stock has a higher unconditional expected return if a smaller stock
has a higher noise volatility. In our paper, a smaller stock is a stock with a smaller price.
Furthermore, the variation in expected returns in Blume and Stambaugh has to be generated
from variation in parameters such as difference in noise volatility, whereas the variation
is generated by difference in realization of noise. Finally, the bid-ask bounce is useful for
explaining effects in daily returns but is less likely the cause for effects that occur at quarterly
or annual horizons and the size effect is observed in these horizons.

Black (1986) proposes that financial markets are noisy (that prices are different from the
fundamental values) due to trading by investors without information. He believes that “noise
causes the market to be somewhat inefficient but yet prevent people from taking advantage
of inefficiencies.”

Summers (1986) also argues that prices are noisy and build a formal model to show that
the power of the standard econometric tests are simply too weak to either detect noise or
reject the Efficient Market Hypothesis.

Fama and French (1988) and Poterba and Summers (1988) study mean-reversion in prices
and point out that one of the possible explanation for mean reversion is the deviation of price
from the efficient market value. They infer the existence and properties of noise from the
autocorrelation of returns.

In behavioral finance literature, pricing error can arise from investor overreaction or
underreaction, as suggested by Shiller (1981), DeBondt and Thaler (1985, 1987), Lakonishok,
Vishny, and Shleifer (1994), among others. Price can be different from value if investors
under- or over-react. With random realization of positive or negative news, over- or under-
reaction presumably should generate noise-random deviation from value. Note that over-
or under-reaction is different from optimism or pessimism, which presumably lead to biased
deviations from the value.

In Campbell and Kyle (1993) value is determined endogenously, but the price is different
from value by a mean-reverting noise that is exogenously specified. They show that this
model can explain the volatility and predictability of the US stock returns.

In term structure models, where the number of shocks is usually smaller than the number
of independent securities, it is assumed that the market prices for bonds are different from

4There are subsequently many studies in market microstructure literature on noise in prices. See for
example, Daniel, Hirshleifer, and Subrahmanyam (2001) and Chordia, Roll, and Subrahmanyam (2005).
However, noise considered in this paper is less likely due to market microstructure.



the model-derived fair values by a noise.

The size and value effects have spurred spirited debates since Banz (1981) and Reinganum
(1981) documented that smaller capitalization stocks tend to outperform on a risk-adjusted
basis, and Stattman (1980) and Rosenberg, Reid and Lanstein (1985) documented that
high book-market stocks also outperform. Similarly, other ratios such as earnings-price,
documented by Basu (1977) and dividend yield, documented by Razeff (1984), Shiller (1984),
Blume (1980) and Keim (1985), also predict future performance.

There are many explanations for the observed size and value effects. Fama and French
(1992) show that size and value, along with market beta, capture well the cross-sectional
variation in stock returns and subsume the explanatory powers of other financial variables.
They propose that the size and value premia are compensation for risk. Lakonishok, Shleifer
and Vishny (1994) argue that the size and value premia are due to investor overreaction
rather than to risk. Gomes, Kogan, and Zhang (2003) Zhang (2006) argues that the value
effect can be explained in a production economy. Yogo (2006) proposes that the size and
value effects can be explained by investor preferences that are non-separable in nondurable
and durable consumption.

Berk (1995, 1997) suggests noise as a source of size and value effects. Although Berk shows
(under mild conditions) that any source of cross-sectional variations in expected returns will
produce a size effect, he focuses on risk. We focus on another cross-sectional variation that
he does not focus on—noise in asset prices. Berk considers unconditional expected returns,
thus the difference in expected returns is generated by difference in parameters, whereas we
study conditional returns where the difference in expected returns is generated by difference
in realization of noise. Berk’s model applied with our assumption of identical unconditional
distribution would produce no cross-sectional variation in expected returns.

Arnott, Hsu, and Moore (2005) and Arnott (2005a, b) also propose that noise as a likely
source for size and value effects. Hsu (2006) shows that mispricing premium may exist
because there are investors with liquidity needs. Arnott and Hsu (2008) show that mean-
reverting mispricing can lead to small cap and value stock outperformance; they predict that
size and value might be two manifestations of one effect, pricing noise.

Brennan and Wang (2006) also study, empirically as well as theoretically, the effect of
mispricing on unconditional expected returns for a larger class of models, where mispricings
can be due to slowness in adjustment of price and systematic mispricing in addition to
random noise. They did not study conditional expected returns which are our focus.

Finally, our paper is also related to noisy rational expectation equilibrium (NREE) mod-
els. In these models, the price is noisy to uninformed investors in a sense that these investors
do not observe the signal about the stock but infer it with noise from the price. In our paper,
the price is a noisy signal about the fundament value of the stock in the same sense. How-
ever, the price is derived endogenously and is equal to the value in NREE models. As such,
expected return in excess over the riskfree return is the compensation for risk and there is
no alpha. In our paper, the price is assumed exogenously and equal to the value only up to
a noise term. As such, part of expected return in excess over the riskfree return is not the
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compensation for risk and alpha is not zero.

3 Noise

In this section, we discuss key assumptions and technical assumptions of the paper.

Assumption 1 FEvery stock has a value Vi, which is determined by economic theory. The
price Py of a stock deviates from its fundamental value Vi by a noise A;. Specifically,

Ag

e

P, = VtE[eAt]’ (1)

where A is independent of Vi for all t and s and E[e®t] is the unconditional expectation of
e®t. The dividend D, of the stock is also independent of Ay, for all t and s.

This is the key assumption of the paper. Blume and Stambaugh (1983) first made the
assumption that the market price is different from the fundamental value based on the
random bounce between the bid and ask prices. Black (1986) argues that there should be
noise in price because of noise trading. Summers (1986) asserts, “[This assumption of pricing
noise| clearly captures Keynes’s notion that markets are sometimes driven by animal spirits
unrelated to economic activities. It, also, is consistent with the experimental evidence of
Tversky and Kahneman that subjects overreact to new information in making probabilistic
judgements. The formulation considered here [also] captures Robert Shiller’s suggestion
that financial markets display excess volatility and overreact to new information.” Formally,
Summers (1986) proposes a similar model of noise in price as an alternative to the efficient
market hypothesis and argues that it is not easy to reject this alternative using traditional
standard tests.

In assumption 1, the theory that determines the value V; is unspecified and can be
consumption-based asset pricing models, CAPM, or APT, just to name a few. We will
assume that the value V; has all the “nice” properties of standard asset pricing models, for
example, the expected return computed using V; is determined by risk and thus the cross
section of expected returns computed using V; is determined only by beta if the asset pricing
model is APT. For our purpose, it is not necessary to specify how the market arrives at
this value V;. However, it may be convenient to think of the discounted cashflow valuation
equation where V; = E,[> 07, e #s=) D,], where p is the discount rate and D; is the dividend
at time s.

The assumption on dividend D, is necessary for drawing conclusion on returns since
dividend D, is part of the cashflow for ¢ + 1, in addition to the price P,,;. Without loss
of generality, we will assume that E[A;] = 0.

The value V; is the price if there were no noise. However, we will assume that there is
noise A; and V; is not observed, only P, is observed. Assumption 1 implies that

E[R|Vi] = V.. (2)

5



That is, for any given value of Vj, the price P, for a stock is a noisy proxy for the value
Vi, which we assume is unobservable, and the price is, on average, right. In noisy rational
expectation (NREE) models, given an information s, the equilibrium price P is a noisy signal
of s if P satisfies

E[P|s] = s.

In exactly the same sense, in our model, P; is a noisy signal of V;. Just as in NREE models
where information s can be inferred with noise from P, the fundamental value V; can be
inferred from P, with noise in our model. As we will show later, if P, is high, E[V;|F;] will
be high and vice versa.

Furthermore, the above assumption implies that P, and A; are positively correlated.
Thus,
E[V;|P] = PE[e”*|P]E[e].

In general,
Bl BIE[] £ 1.

Thus, the expectation of the fundamental value V; given P, does not equal to P;.

We remark that the noise in Assumption 1 is specified in multiplicative form, which is
used in Blume and Stambaugh (1983) and Fama and French (1988) (see also Hsu (2006)).
The additive form of Summers (1986) implies that the noise becomes negligible over time as V;
grows, if A, is stationary as Summers assumes. Aboody, Hughes, and Liu (2002) also assume
an additive form. Campbell and Kyle (1993) recognize this problem and use an additive form
with de-trended dividends. Such a problem does not arise from the multiplicative form.

Many of the qualitative results of the paper follows from this assumption. We will make
more technical assumptions for quantitative results.

Assumption 2 The noise satisfies,
Ay = pA¢ + Oep€nist, (3)
where €; are independent standard normals.

When p < 1, A; is mean-reverting and stationary. This implies that a noise A;;; at
time t + 1, on average, will lead to smaller noise A; at time t. The mean reversion of A,
towards zero captures the intuition that information is gradually impounded into prices.
When p = 0, the noise is independent and identically distributed (IID). If p = 1, the noise
A1 will be equal to A; on average. In this case, the noise is infinitely persistent and price
levels do not predict returns E[R;1|FPy...P)| = E[Ry41].

Whether noise 4, is mean reverting or not is an empirical question. To avoid cubersome
notations, the rest of the paper will assume that p < 1. Presumably, the market force will
move price P, towards V;, therefore P, should revert towards value V;, as new information
becomes known. However, most of the derivation in the paper goes through with minor
changes if p = 1.



We assume that o., is a constant. This assumption may be a little restrictive since
o., could be state dependent. For example, noise during economic expansions may have a
different volatility from noise during recessions.

Similar specifications of the noise follow from Blume and Stambaugh (1983), Summers

(1986), Fama and French (1988), Aboody, Hughes, and Liu (2002), Arnott and Hsu (2006),
Hsu (2008), and Brennan and Wang (2006).

For ease of exposition, we denote the logarithm of V; by v, and logarithm of P; by p;,
Vi=e"; P, =e". (4)
Equation (1) can then be written as
e = v + A — In(E[e®)). (5)

We call V”+tDt+1 the value return R}, ,, which is dictated by some asset pricing model. We

call M the return R;.;. We will use d; = In D; to denote the logarithm of the time ¢
d1V1dend Dt We make the following assumption on the value and the value-dividend ratio.

Assumption 3 The value v, is a random walk,
Vpp1 = [+ UV + Op€pppr- (6)
The value-dividend ratio satisfies

Vpp1 — i1 = (1 — pg) Ty + pu(vy — di) + 0c, €xt11- (7)

Furthermore, vy is independent of vy — dg for allt and s.

Assumption 2 implies that, if there is no dividend, p is the mean of the log-value-return
(ve41 — vy) and o, is the volatility. According to Assumption 3, the value-to-dividend ratio
vy —d,; has a mean of 7, and conditional volatility of o, , and is mean reverting with coefficient
pz. Equations (6) and (7) in Assumption 3 are used in the literature on predictive regressions,
see for example, Stambaugh (1999) and Valkanov and Torous (2005).°

Asset pricing models typically determine the value-to-dividend ratio from preferences
of the investors. For example, in the consumption-based asset pricing model where the
representative agent has constant relative risk aversion coefficient and the dividend growth
is independent and identically distributed (IID) over time, the value-to-dividend ratio is
constant. However, in most models, the value-to-dividend ratio is stochastic and stationary.
The above specification is an approximation and a simplification to a stationary value-to-
dividend ratio. With the value process and value-dividend ratio process specified as above,
the dividend growth process is implicitly determined. See Ang and Liu (2006) for a discussion
on related issues.

5Note that there is no price noise in these studies, thus the value-dividend ratio is the price-dividend
ratio.



Assumptions 2 and 3 are made to obtain closed-form inference on noise A; from prices and
price ratios. With other non-gaussian specifications, it is not easy to compute in closed form
the inference about the noise, but the same intuition applies. The independence assumption
between v; and v; — d; is made to simplify the expression. Closed-form inference still obtains
if the correlation is a non-zero constant.

When there are multiple stocks, the shocks €a¢11, €441, and €,411 could all have systematic
components as well as idiosyncratic components. As we will show later, our results in later
sections still apply with a reinterpretation of parameters when the correlation between stocks
are introduced through common systematic factors.

We now study the implications of noise on unconditional expected returns. We show that
noise can generate cross-sectional variations in unconditional expected stock returns.

Proposition 1 If Assumption 1 holds, the expected return is higher than the expected value
return.

Proposition 1 only requires that the noise is independent of the value and the dividend.
With the additional assumption that the noise is an AR(1) process, we can established an
exact relationship between the unconditional expected return and unconditional expected
value return.

Proposition 2 If Assumptions 1 and 2 hold, the expected return is given by

2

pllat D] gVl B [Pl 2 (8)
B Vi

which is higher than the expected value return E [VtTJt’l] +E [DtTt“] . Furthermore, if Assump-
tion 3 also holds, then

2 2

P..+D . o2 .- N

E |:—t+1 P Lt e“"'Eag et+r + ¢ mv+2(1*f’%)+1—p2 . (9)
t

We note that the unconditional expected return in the absence of noise is

o2
1_2 ,*U+¢
€M+207- (1 +e x 2(1p%)> ,

which should be determined by asset pricing theories thus should depend only on beta under
CAPM or APT. Proposition 1 and 2 hold without any specifications of asset pricing theory
and thus are valid quite generally.

The difference between the unconditional expected return and unconditional expected
value return is due to Jensen’s inequality, which is driven by the variance of the random



noise. Therefore it is only natural that the difference between the expected return and value
return increases with o2, for p < 1. Proposition 1 and 2 are more generalized versions of
the result presented in Hsu (2006). Brennan and Wang (2006) also derive similar results. In
addition to the implications we discuss below, the unconditional expected return given by

equation (9) can be to compare the conditional expected return we study in later sections.

Blume and Stambaugh (1983) suggest that bid-ask spreads produce noise in price. They
compute unconditional expected return approximately for the case that is similar to p = 0
and D = 0 case of the above Proposition (we can the closed form unconditional expected
return because of the exponential form of the noise in our model). They show that the noise
increases the unconditional expected return which is increasing with noise variance and use
this fact to explain the size effects in daily data.

Cross-section variations in unconditional expected returns can be generated by noise,
according to Proposition 2. With noise, the unconditional expected return given in equation
(9) depends also on idiosyncratic volatility, the volatility o, and AR(1) coefficient p of noise
A; and the parameters (Z,, 0, p;) of the price-dividend ratio, in addition to beta. That is,
given two stocks with either different noise variance or different mean price-dividend ratio,
the unconditional expected returns can be different, even if they have the same (systematic)
risk. In other words, cross-sectional variations can be generated by variations in these
parameters. It is not very satisfactory that the cross-sectional variation has to be exogenously
specified (through specification of parameter variations). On the other hand, it is not true
that one can always generate cross-sectional variations in expected returns with parameter
variations. For example, in standard asset pricing models such as CAPM and APT, variations
in idiosyncratic volatilities do not generate cross-sectional variations in expected returns.

From the above Proposition, the effect of noise on unconditional expected returns is at
the order of o7, . With a value of 6% for o7, , given in Table 1, the change in unconditional
expected returns is about 36 basis point. However, if JEA = 10%, which is not unreasonable
for some stocks, the change will be 1%.

One implication of our paper is that, ceteris paribus, a less transparent stock (one that is
more likely to be mispriced and therefore has a higher o., ) will have a higher unconditional
expected return. This is consistent with recent empirical findings where the cost of capital for
a firm, controlling for beta, is higher when the firm is less transparent. Hughes, Liu, and Liu
(2006) argue that these empirical findings may not be explained by risk. The propositions
suggest that noise could provide a potential explanation for this empirical finding.

Shiller (1981) points out that the return variance for a stock, in a world with IID dividend
growth and CRRA representative preference, should be equal to the variance of its dividend
growth. However, empirically, the variance in stock dividend growth is much lower than the
variance in return, giving rise to Shiller’s excess-volatility puzzle. In our model, the variance
of the return is the sum of the variance of the value return and the variance of the noise.
This potentially offers a perhaps indelicate explanation for the excess-volatility puzzle, as
suggested in Campbell and Kyle (1993).



Table 1: Summary of Parameters

1% Or Ten P | Ty | Pz Oc,
3% | 30% | 6% | 05| 4 | 0.9 | 10%

The selection of these parameters are described in Section 3.

We calibrate the above specification as follows, with all the parameters summarized in
Table 1. The parameter p only affects the overall magnitude of the expected return. We take
i to be 10%. Since the mean and volatility of the price-dividend ratio are small, the volatility
of the stock return is largely due to price fluctuations. Note that, from Assumptions 1, 2,
and 3,

Dir1 — Dt =Vp1 — U+ ep1 — € = i+ (1 — p)A¢ + 0600401 + T €ntrt,

thus, the variance of the return is the sum of the variance o2 of the value return vy, —v; and
the conditional variance o2, of the noise Ay 1. We will take o, = 15% and o, = 0,/3 ~ 5%.
The ratio of o,/0., = 3 gives a ratio between variance of the noise and total variance of
the stock return of 10%. French and Roll (1986) suggest that “between 4% and 12% of the
daily return variances is caused by noise.” Fama and French (1988) estimate that predictable
variation in stock returns due to mean reversion is about 35 percent of 3-5 year variances
and they suggest, following Summers (1986), that the mean-reversion may be due to market
inefficiency. In his calibration exercises, Summers (1986) uses the values of o2 that is of the
same order of magnitude as o7, .

The value of p can be inferred from mean-reversion in prices, assuming the mean reversion
is due to noise. Fama and French (1988) shows that there are significant mean-reversion in
prices for holding-period horizons larger than 1 year. Summers (1986) uses values of p
between 0.75 to 0.995 and Poterba and Summers (1988) use values between 0 and 0.70. We
will consider a range of p, as Summers and Poterba and Summers did. However, the value
and size effect is not overly sensitive to p , as long as 0 < p < 1.

The calibration of parameters for value-dividend ratio are based on the studies of Stam-
baugh (1999) and Valkanov and Torous (2005) on the predictive regression of the market
portfolio. They found that the mean dividend ratio is about 3%, the AR(1) coefficient is
above 0.9 and the conditional volatility is less than 1%. Because noise largely averages out
in the market portfolio,5 we expected the mean and AR(1) coefficient for the value-ratio
process should be in the neighborhood of their estimates for for the market, thus we set
T, =4 and p, = 0.9. We will set o, = 10%.

6Campbell and Kyle (1993) study price noise of the market portfolio. Their paper suggest that there are
systematic components in the price noise of individual stocks.
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4 The Time-Series Variation of Expected Returns

In this section, we show that the expected return conditional on the price or the price-
dividend ratio increases with the price or price-dividend ratio. The expected return of a
stock conditional on the market price or the price-dividend ratio or both is computed in
closed form.

Whereas the result on unconditional expected return is due to Jensen’s inequality, the
intuition for conditional expected returns is different but straightforward. First, suppose
that the noise is observed. If A; is negative, then the market price of the stock is lower than
its fundamental values and the expected return conditional on a negative A; should be high.

In reality, we do not observed the noise A;. However, we can still infer A; from the price
P, or price ratios. The lower the price or the price ratios, the more likely A, is negative
and the stock is under-valued. Under the Gaussian setting specified in Assumptions 1-3,
the inference can be precisely computed. We will compute the average A; given P, or price
ratios and thus the expected return conditional on P; or price ratios.

4.1 The “Time-Series Size Effect”

We now study the expected return, conditional on the current price P,. We show that
the conditional expected return decreases with P;. We also compute the expected return
conditional on price deciles.

Note that the return is,

P+ D |% D
t+1 + t+1  Vi+l eAt+1—At + ilE[@At]e_At. (10)

P, Vi Vi

We are interested in the expected return, conditional on the current price F;,

Py + Dy
E|l————|P].
|: Pt | '

As we noted previously, the value return V”%tDt“ is determined by pricing models and may
have systematic as well as idiosyncratic component; for our purpose, it is not necessary to
specify this. Similarly, A; may also have systematic components, as in Campbell and Kyle
(1993). The systematic components will not affect the inferences on individual noise in an
economy with a large number of stocks.

Note that p; = v; + A; — In(E[e®t]). To draw inference of noise A; from price p;, we need

to know the joint distribution of v, and A,. It is natural to assume that the distribution of
2

.. . L. . . . g . .
Ay is its stationary distribution, which has mean of 0 and variance of =%;. Since v; is not
stationary, there is no natural choice of distribution for v;. We will assume that v; is normal
with mean 7; and variance ¢2,. From Assumptions 1, 2, 3, v; and A; are independent.

11



Proposition 3 Suppose Assumptions 1, 2, and 3 hold. Furthermore, assume that the distri-
bution of Ay is its unconditional distribution and the distribution of vy is normal with mean
v, and variance o2,. Then the expected return conditional on P, is

vt
Py + D
E |2 L
[ 2) |pt

2 —(1=p)m o2 o2 -7

1 oea P, Gt e 7n P

= ettaot et +e Tt i , (11)
Py —(1-pm Py -,

2
0'eA

A—%)o2, o2,

mean vy and variance oZ,.

where v, = and P, denotes the expected value of P, given v; is normal with

It is clear that the expected return, conditional on P, decreases with P;,. The results from
the proposition is intuitive. Consider the case where the noise is independent over time
(p =0). In this case,

P — EeAtH—Az' (12)
I Vi
The expectation of e+ conditional on A, is independent of A, when p = 0. Thus, the
expected return will be decreasing in A;. If there is a negative noise, the stock is under-
valued, so that the subsequent return is high on average. Clearly, we do not observe Ay;
however, we can infer information on A; from observing P;. That is, the price can be a noisy

signal for the noise. Recall,
pe = v + Ay — In(E[e™]). (13)

Therefore, the higher the p;, the higher the probable pricing error, on average, and the lower
the next period return.

In this paper, we do not assume that p = 0, thus A;;; need not be independent of
A;. This is plausible since some forms of pricing error may require months or years to be
identified and corrected by the market. When 0 < p < 1, the effect of noise on return
should be reduced. In this case, a positive realization of noise at time ¢ implies on average
a positive realiation at ¢t + 1, although the it will be smaller. Suppose, for example, the
noise is persistent; in this case, p approaches 1, and A, is a random walk. If this is the case,
although the noise affects the market price, it does not affect the return because the error
does not correct over time; an under-valued stock remains under-valued.

When o., = 0, the conditional expected return is independent of P, and the return
spreads between two price deciles portfolios are zero. Similarly, as o,; increases, the spread
decreases, because a higher o, is equivalent to a lower o, .

4.2 The “Time-Series Value Effect”

Many empirical studies analyze expected returns conditional on price-fundamental ratios,
such as price-dividend ratio, price-book ratio, and price-earning ratios. We now examine the
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price-dividend ratio dependence of expected returns when noise is present. Conceptually, the
analysis applies in the same way to any price-fundamental ratio dependence. Since we have
to specify dividend-price ratio for computing return already, we choose the price-to-dividend
ratio instead of other ratios to avoid additional parameters.

Proposition 4 Suppose that Assumptions 1, 2, and 3 hold. Furthermore, assume that the
distribution of (A, ) is their unconditional distribution. Then the expected return condi-
tional on x; is

Pyi+D
E |: t+1 Pt t+1 |$t:|

(- ) o -
41,2 D Rl .- L X, (1=pz)yv2—pa
= e’u' QJT 61+p T 9

E Xt—(l—Pa:)“Q—ﬂx]

(1-p2)o,
(1=p2)o2, +(1=p?)a2, "

where vy =

The intuition for the z; dependence is the same as the intuition for the p; dependence
explored in in Section 4.1. A high price-dividend ratio implies a high noise A;, on average,
thus a low expected return.

Proposition 4 also implies that the return is predicted by the dividend yield even though
the value return is not. This is not surprising because there is a one-to-one correspondence
between excess volatility and dividend yield predictability. That is, while return exhibits
excess volatility relative to dividend variation, value return does not, and while dividend
yield predicts return, it does not predict value return. Note that both the excess volatility
and dividend yield predictability puzzle results from noise instead of a rational equilibrium.

4.3 The “Time-Series Size-Value Effect”

So far, we have studied the expected return conditional on either the price or the price-
dividend ratio separately. We now compute the expected return conditional on the price
and price-dividend ratio simultaneously.

In our model, the size and value effects are both driven by the same source: the noise in
the price. Conversely, both price p; and price-dividend ratio p, — d; are noisy signals of A,.
We assume that the correlation between v; and v, — d; is zero, however, there is an imperfect
correlation between p; and p; — d; induced by the noise A;. When p; is low, it is likely that
A; is negative, but we are not sure, because the value v; is not observed. When both p;
and p; — d; are low, it is more likely that A is negative. Thus p; and p; — d; are correlated
but not a substitute of each other. Using both of them simultaneously gives us more precise
information about A,.
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Proposition 5 Suppose Assumptions 1, 2, and 3 hold. Furthermore, assume that the dis-
tribution of (A, zy) is their unconditional distribution and the distribution of vy is normal

with mean v; and variance o2,. Then the expected return conditional on p; and x; is,

B Piy1+ Dy
’xhpt
I
2 —(1- —(1- 2 2 —(1— —(1— -
e [ i P ( P)VSXt( )14 . SN o) ( px)VSXt( pa)Va—Pax
= el | 14y +e 2(1—p2) ' 1—p ,
PXt—(1—ppys,—(1-p)u PXt—(1—pr)ys,—(1=pa)ra—pa
1 (17203)
— Tt _ T ; Y1 Y2
where y3 = R el and 4 = T PX, ., ~, 15 the expected value of P/' X,
2t 2ttt o 2t 2t 2
vt Tex UﬁA ot Tex UEA

given vy s a normal with mean v; and variance o2,.

We assume that the correlation between v, and v, — d; is zero for notational simplicity.
Incorporation of a non-zero correlation is straightforward.

5 The Cross-Sectional Variation of Expected Returns

So far, we have studied the expected return of one stock conditional on its market cap or
price-dividend ratio. In this section, we show that noise can also produce significant cross-
sectional variations in expected returns. Fama and French (1992) demonstrate the size and
value effects using the matrix of expected return conditional on size and value deciles. These
cross-sectional conditional expected returns can be computed using our model.

We first compute the expected return conditional on deciles. We then make assumption
to translated into cross-sectional implications.

Assumption 4 There are N stocks. Stock k has a value Vi, which is determined by eco-
nomic theory. The price Py of a stock deviates from its fundamental value Vi by a noise

Ayg. Specifically,

Pt = Vg
kt = ktW>
where Ay is independent of Vi, for all t and s and E[e®*] is the unconditional expectation
of e, The dividend Dy, of the stock is also independent of Ay, for all t and s. Let

Ve = In Vi and pg, = In Py, We also assume

A
Apip1 = pAgy + ep€ipprs
v
Upte1 = o + U + B o6,
— v
Vgtt1 — Qg1 = (1 - px)xv + Pa:(vkt - dkt) + Oe, €415

where p, e, fhws B, O, Pz, Ty, and o, are all constant. All shocks are independent across
stocks and time.
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Assumption 4 states that the Assumptions 1-3 hold for each and every stock. All stocks
have the identical distributions but are not independent. The correlation among stocks is
introduced through a systematic factor F; and the beta coefficient is the same for all stocks.
All the stock have the same idiosyncratic volatility although the shocks are independent.

We first divide (p;, ;) space into cells of 10 deciles by 10 deciles. Note that p, and

x; are joint normal with variances /o2, + 1fgp2 and 1fi2 + 1fi s and correlation p =
o2, :
1;—”2702. Following Fama and French, we will first use p;; to divided p; space into
10 deciles. For i-th size decile, we further divide x; space into 10 deciles, using x;; =
o3

o T %@,j + Z, where §; ; can be solved numerically. Let E [f(z)@ denote the expec-

tation of f(z) for z between z and Z for a standard normal random variable z.

Proposition 6 (Size-Value Effect) Suppose that Assumption 4 holds. Furthermore, the
number N of stock tends to infinity. Then the expected return conditional on (i,j) decile of

(pe, ) space is,
E N 1;3i+1_ﬁz - N ]si_ﬁz e
N -7 VI=2* ) )i,

1.2
6/j‘+§ar 61+p
0.01
. . Tij+1

E (N (p¢+1—l32> - N < Di—pz

2 2 52 52
- ol Ten 1-p 1-p -
+ e x”+2(1—i%)+17p2 Ti,j

Y
0.01

N R o2 o2 N o2 o2 ~
where py; = 6;i+(1—p) (73Upt + v\ i T ﬁ) , Tij = 0i+(1—p) (74\/ T Tt /stfpt) ;

< R o2 o? < o2 o?
P = 0it(1—pz) (73% +pya\ Tz + ﬁ) , and T; = 5¢,j+((1—pm)74+px> Vit

(1 — pa)pysope, @ = 1,...,9, and z is a standard normal random variable.

The systematic factor F; is introduced to describe the correlation among the stock. How-
ever, as far as inference of A; is concerned, we can ignore this factor because it can be inferred
completely from the prices when the number of stocks is infinite.

Let us consider the case where there are many stocks with correlations between stock
returns. We show that, in the appendix, if the correlations in the returns as well as noise is
introduced through a factor model, the inference on A, is the same as if there is no factor.
This means that Propositions 3-6 hold when the correlations are through factors, provided
we replace the variance parameters by their idiosyncratic components.
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Table 2: Expected Annual Returns Conditional on Size and Value Deciles

Dividend-to-Price Ratio
All 1 2 3 4 5 6 7 8 9 10
All 10.08 7.52 850 9.03 945 9.84 10.22 10.62 11.08 11.68 12.89
Small-ME 11.63 9.08 10.04 10.56 10.98 11.36 11.73 12.13 12.58 13.17 14.36
ME-2 11.00 8.49 944 995 1037 10.74 11.11 11.51 1195 12.53 13.71
ME-3 10.67 8.18 9.13 9.64 10.05 10.43 10.80 11.19 11.63 12.21 13.39
ME-4 10.42 7.94 888 939 9.80 10.18 10.55 10.94 11.38 11.95 13.13
ME-5 10.19 7.72 866 9.17 958 995 10.32 10.71 11.15 11.73 12.90
ME-6 997 7.51 8.45 8.95 9.36 9.74 10.11 10.49 10.93 11.51 12.68
ME-7 9.74 7.29 8.23 8.73 9.14 9.51 9.88 10.27 10.71 11.28 12.45
ME-8 949 7.04 798 849 889 927 9.63 10.02 1046 11.03 12.20
ME-9 9.17 6.74 767 818 858 895 932 9.71 10.14 10.71 11.87
Large-ME 856 6.13 7.07 757 798 835 872 9.10 954 10.11 11.27

This table presents annual expected returns, in percentage, conditional on price (ME) and dividend-to-price
deciles. These expected returns are computed using Proposition 6 with the parameters given by Table 1.
The beta in the absence of noise is assumed to be 1.

Suppose the returns of all stocks are given by a factor model and all have the same beta
and same idiosyncratic volatility. Then the cross-section average is the same as population
average, and so can be computed using Propositions 3-6. So, these propositions imply
cross-sectional variations in conditional expected returns, even in the absence of parameter
variation. The variation in this case is generated by random realization of the price noise. Of
course, parameter variations in reality, such as variations in betas and idiosyncratic volatility,
will lead to additional cross-sectional variations in expected returns. Next we will show that,
with plausible parameters, these variations are consistent with those observed in the US data.

For the calibration exercise, we use parameters specified in Table 1. We present expected
returns conditional on both size and value in Table 2. The intuition for the table is simple.
Decile expected returns are really expected returns conditional on price intervals or price-
ratio intervals, which decreases with price and/or price-ratios, as shown in the table. We
assume that stocks are independent draws from the same distribution.

It is interesting to compare Table 2 with Table V of Fama-French (1992), which are sample
average of returns conditional on size and price-to-book deciles. As we pointed out earlier,
we choose price-dividend deciles mainly to avoid extra parameters. We expect the difference
in using price-dividend ratio and price-book ratio to be small. The expected returns our
Table 2 are similar to those of Table V of Fama and French (1992), when annualized. The
expected returns are monotonic as a functions of deciles while the monotonicity is not strict
in Table V of Fama and French (1992), presumably because of measurement errors in the
sample averages.

It is important to determine whether small-cap and value stocks’ higher expected returns
are attributable to higher systematic risks. In Table 3, we present the beta matrix for size-
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Table 3: Beta Conditional on Size and Value Deciles

Dividend-to-Price Ratio
All 1 2 3 4 5 6 7 8 9 10
All 1.005 0971 0.984 0.991 0.997 1.002 1.007 1.012 1.018 1.025 1.040
Small-ME 1.019 0.984 0.998 1.005 1.011 1.016 1.021 1.026 1.032 1.040 1.054
ME-2 1.013 0.979 0.992 1.000 1.005 1.010 1.015 1.021 1.026 1.034 1.048
ME-3 1.010 0.976 0.990 0.997 1.002 1.007 1.012 1.018 1.023 1.031 1.045
ME-4 1.008 0.974 0.987 0.994 1.000 1.005 1.010 1.015 1.021 1.028 1.043
ME-5 1.006 0.972 0.985 0.992 0.998 1.003 1.008 1.013 1.019 1.026 1.041
ME-6 1.004 0.970 0.983 0.990 0.996 1.001 1.006 1.011 1.017 1.024 1.039
ME-7 1.002 0.968 0.981 0.988 0.994 0.999 1.004 1.009 1.015 1.022 1.037
ME-8 1.000 0.966 0.979 0.986 0.992 0.997 1.002 1.007 1.013 1.020 1.034
ME-9 0.997 0.963 0.976 0.983 0.989 0.994 0.999 1.004 1.010 1.017 1.031
Large-ME 0.991 0.957 0.971 0978 0.984 0.989 0.993 0.999 1.004 1.012 1.026

This table presents beta of price (ME) and dividend-to-price deciles. The parameters are given by Table 1.

value deciles. Assuming that beta in the absence of noise is 1, small and value stocks have a
slightly higher beta. Stocks in the smallest decile have a beta of 1.02 while those in the largest
decile has a beta of 0.99. Similarly, Stocks in the lowest dividend-price ratio decile have a
beta of 0.98 while those in the highest decile has a beta of 1.03. This finding is consistent
Lakonishok, Shleifer, and Vishny (1994) who find that “the betas of value portfolios with
respect to the value-weighted index tend to be about 0.1 higher than the betas of the glamour
portfolios.”

Assuming an annual riskfree return of 1.04, we can compute the abnormal return alpha,
that is, the risk-adjusted excess expected return for each size and value decile with betas
given in Table 3. We present alpha in Table 4. Small and value stocks have positive alpha
while the large and glamor stocks have negative alpha. Stocks in the smallest decile have an
alpha of 1.67% while those in the largest decile have an alpha of -1.18%. Similarly, stocks
in the lowest dividend-price-ratio decile have an alpha of -0.98% while those in the highest
dividend-price-ratio decile have an alpha of 1.47%. These two tables show that, in our model,
small and value stocks have higher expected returns because they are under-valued due to
negative price noise, not because the higher betas.

As a model for the cross section of expected returns, our paper is different from Berk
(1995, 1997), where the heterogeneity in expected return is specified in terms of the het-
erogeneity of parameters. In fact, in our calibration exercise, stock returns are identically
distributed, thus there is no heterogeneity in parameters. Under Berk (1995, 1997), there
is no cross-sectional variation in expected returns. The heterogeneity in expected return in
our calibration exercise is completely driven by the random realization of the noise in our
paper.

There are empirical studies documenting that the size and value spreads are different
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Table 4: Alpha Conditional on Size and Value Deciles

Dividend-to-Price Ratio
All 1 2 3 4 5 6 7 8 9 10
All 024 -143 -0.76 -041 -0.13 0.12 036 0.61 0.89 124 1.93
Small-ME 1.67 -0.03 0.65 1.01 1.29 1.55 1.79 2.05 2.33 2.69 3.40
ME-2 1.09 -0.59 0.08 044 071 096 121 145 1.74 210 2.79
ME-3 0.79 -0.89 -0.21 0.14 041 066 091 116 1.44 1.79 248
ME-4 0.55 -1.12 -045 -0.10 0.18 0.43 0.67 092 1.20 1.55 2.24
ME-5 0.34 -1.33 -0.66 -0.31 -0.03 0.22 046 0.71 099 134 2.03
ME-6 0.14 -1.53 -0.86 -0.51 -0.24 0.01 0.25 0.50 0.78 1.13 1.82
ME-7 -0.08 -1.74 -1.07 -0.72 -0.45 -0.20 0.04 0.29 057 092 1.60
ME-8 -0.31 -1.97 -1.30 -0.96 -0.68 -0.44 -0.20 0.05 0.33 0.68 1.37
ME-9 -0.61 -226 -1.60 -1.25 -0.98 -0.73 -0.49 -0.24 0.03 0.38 1.07
Large-ME -1.18 -2.84 -2.17 -1.82 -1.55 -1.30 -1.06 -0.81 -0.54 -0.18 0.50

This table presents annual alpha, in percentage, of price (ME) and dividend-to-price deciles. The parameters
are given by Table 1 and the gross riskfree return is assumed to be 1.04.

between booms and recessions. In our paper, the expected returns conditional on deciles in
are state independent. The most natural way to introduce the state dependence in our model
is through the state-dependence of the conditional variance of noise. This can be potentially
used to accommodate the dependence on business cycles of size and value effects.

Summers (1986) argues that “the data in conjunction with current methods provide no
evidence against the view that financial market prices deviate widely and frequently from
rational valuations.” Our study suggest that the size and value effects are actually evidence
for the view that the market prices of stocks deviate from their intrinsic values.

6 Conclusion

This paper builds on the work of Blume and Stambaugh (1983) and Black (1986) and Sum-
mers (1986). We show that random realizations of noise generate cross-sectional variations
in expected return conditional on price and price ratios. In particular, with plausible param-
eters, such as a noise volatility of 6% per annum, the matrix of expected returns conditional
on size and value deciles, is similar to that of Fama and French (1992). Since the difference
in beta for different size and value deciles is small in our model, small and value stocks have
higher expected return because they are under-valued due to price noise, not because of
higher systematic risk. Thus our results suggest that a modest amount of noise can create
size and value effects.

One might wonder if these alphas persist over time. On the one hand, it is possible that
alphas may be eliminated over time. On the other hand, it is possible that they will persist
over time because of limits to arbitrage, associated with either transaction costs or risks in

18



the strategies to explore these alphas.

Black (1986) argues that noise should always be present because investors are risk averse
and are not sure whether information is just pure noise. According to Black, “noise cre-
ates the opportunities to trade profitably, but at the same time makes it difficult to trade
profitably.” If Black is right, size and value effects are likely to continue to persist.

Our model assumes that noise is independent of the value and the dividend. One could
examine the implications of relaxing that assumption. Indeed, for certain forms of depen-
dence, we would expect that the value and size effects should disappear. Empirical evidence
clearly does not support this form of the model. But, if enough investors trade on size and
value, arbitrage could force this outcome.

Our model assumes static parameters describing the noise function. By empirically ob-
serving the time-varying nature of these parameters, we may well find that the growth-value
cycle is nothing more than a manifestation of expansion and contraction of the noise vari-
ance. We may find a linkage between economic expansion and contraction, or bull and bear
markets, and the parameters of our model, notably noise variance. This may allow us to
better understand the link between the economic cycle and the growth-value cycle.

If noise varies cross-sectionally, as it presumably will, one can model and empirically test
the impact of a world in which some stocks may have more noise than others, and some
stocks may mean-revert more quickly than others. Because the difference between average
return and average value return is proportional to the variance of the noise and to the rate of
mean reversion, this would suggest starkly different behavior and mean returns for assets
with little uncertainty about value (e.g., short-term bonds), relative to assets with large
uncertainty (e.g., venture capital and private equity).

In short, this simple change in the classic Efficient Market Hypothesis, acknowledging
the possibility of mean-reverting noise, perhaps too small to statistically discern, not only
better conforms with past empirical findings, but also opens wide opportunities for further
research.
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Appendix

The following lemma is special case studied in Liptser and Shiryaev (1977).

Lemma 1 Suppose that 0 is a vector of normal random variables with the mean vector
and the variance-covariance matrixz ¥g. Furthermore, a vector of random variables & satisfies

§:A0+A19—|—B€,

where € is a vector of standard normal random variables that are independent of 0. Assuming
that A139 A + BB’ is invertible. Then mean vector E[|£] of 0 conditional on & and the
variance-covariance matriz Yo conditional on § are

E[0]¢] = 0 + Sg A (A1 g A} + BB')7H (€ — Ay — Aih).

and
Soje = Bg — Lo AL (A1X AL + BB') 1A S,.

We will apply this lemma repeatedly. In our applications, # will be the noise Ay, & will be
the price p; or the price-dividend ratio p; — d;, and € will be the other random variables such
as € ( or F; later in the Appendix).

Proof of Proposition 1

From equation (1) and by the stationarity of A;, we have

Ay
P Vi Ele?] A=A _ Vit A=A (14)

P, Vi E[efe] Vi

Let D; denote the dividend of the stock at time ¢. We assume that it is independent of the

noise A;. Then
Diy1 Dy

= E[eft] 2 15
B~y ol )
The unconditional expected return is,
P14+ Dy Vi Api—A Divi 1t Aq —a
E|l———————| =E|— | E e~ "2 + ——F |~ L 16
[ P } [ v [e } + v, [e ]e (16)
By stationarity,
E[Au] =E[A], (17)
therefore,
E [At+1 - At] - O (18)
By Jensen’s inequality,
E [efr 78] > Flar—ad = 1, (19)
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Equation (16) then gives,

P Vit Avp1—A Vit
E =E|— |E|e™ 2 >E|[—|. 20
{ P, } { 72 R e (20)
Furthermore,
Dy Dy Ele?] Dyyq A 1 Dy yq
E|l—|=E|————| =E|——| Ele~|E > E . 21
{Pt} {Vteﬂt 7 R e e 1)
Combining inequalities in (20) and (21), we conclude that
Pi1+ D Vier + Dia
El———| >E | —————|. 22
e Vi (22)
Proof of Proposition 2
When equation (3) holds, we have
(1*P>252A 02 UEA
E[eAt+1_At] = E[e(l_p)At]E[easAetJﬂ] =¢e 200-p?) ¢ £ = et+r
1 oen
A _ 1
E[e ]E |:6Az:| = e! p2’
2 02 0’2
noting fjﬁz is the unconditional variance of A,. Since e = > 1 and e-+* > 1, we conclude
that E [P“r%fjm} > E [%f)t“} . When Assumption 3 holds, equation (9) is proved by

noting that

Vi 1
+1 +3502.
E |: = elT2%,

Vi
E {Dﬁl} = E {‘/Hl} E {Dt+1} = e’”‘%"ge_i“-i_%;i%).
Vi Vi Vit

Proof of Proposition 3

Note that
= v+ A — In(E[e®)]).

We will assume that without information, v; is normal with mean of v; and variance o

o2

distribution of A; is its unconditional distribution of mean 0 and variance 2. v; and A

is independent, as assumed. Lemma 1 in the appendix implies that conditional on p;, the
mean of A, is

2 the

vt

0.2
228 (e — 5+ In(Ble™)))
E[At‘pt] = 2 )

2 Ten
Ot + 1—p2
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and the variance is

2 %epn
O-’Ut 1—p2
2
2 N
Ot + 1—p?
Therefore, we get
2 2
i (m—@t+1n(E[eAt]>) o2, 1By
—(1-p) 3 +(1-p)? Lo
o2 +LA§ 2((,2 n 7in )
—(1— vt 1—p vt 2
Ele" 7% p] = e ’
2
o
02 02t A 02
=018 (o)) +a-p? "2 a-p
o2 - o2 bt
= e UgtJr%Z e Ugt+%§
2 2
(1-p)02, (5 -In(m(eAt]) ) +(1-p)2 WA (1-p)o2,
— (=pD)oZ o2, PN e N
Finally,
(1-p)2MA  (-p)oe .
E {P]t;rl |pt} TS (G AN [e_(l_p)Aﬂpt} _ bt 3(0402,) (=Dt tol (=)t to?, (pe pt).
t
From
Vpp1 — dip1 = (1 = p2) Ty + po(vy — di) + 0c, €41,
we get
2
= €
E |:“D/vt+1:| — E [ef(vt+17dt+1):| _ e_xv+72(1—:2%) )
t+1

From the assumption that v;, v, — d;, and A; are independent, we get

D D D
E [ t4+1 |pt] —E |:Vt+l |pt] E [ t+1:| _E |:V;€+1€—At|pt:| E [ t+1}

P, P, Vit Vi Vit
V;‘/+1:| |:Dt+1:| —A
=E E E |e 7
{ v, Voy | Bl ]
2 cr,%zagA 0_2

€

_T Tex 2 — —D
e P TrE- DN (R PR SN (R LA (Pe=pe)

We get

P, D P, D
E M‘pt — E bl |pt + E trl ‘pt
I I

2 2
2 %vt%ep N2
, . meP—mh (oo,
ToeN) o 1=pD)og 02, o (1=pP)oi+od,y

2 (pt—pt)

_ eht3(o}

2 2
2 Tvt%epn 2

Te

_ e 2 _ A _5
telt 307 e T3y o 1mpDedtod, o (=pPoitol, (Pt ”t)'
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The above equation can be expressed in terms of P, using the definition of P, = ePt. It is
straightforward to evaluate the expectations in the proposition and prove the equivalence
between the above equation implies the equation given in the proposition.

Proof of Proposition 4

At time ¢,
Tt = (?}t — dt) + At — ln(E[eAt]).

We assume that v; —d; and A, are both drawn from the stationary distribution, under which
2

10_7;2‘ and is independent of A; and A;

vy — d; 1s normal with a mean of z, and a variance of
2

. . . ag

is normal with a mean of 0 and a variance of ﬁ.

e

Therefore, conditional on z;, the mean of A; is

(1—p2)o?, ( _>
(=)o +(1— )2 \"' )

where 7 = 7, — In(E[e??]) is the unconditional mean of z, and the variance is

o2 o?

€z~ EA

(1—=p2)o2, + (1 —p?)o?’

Thus, we get
—(1—p) (1_’%)ng (z1—7) (1-p)? G?ZUEA
E[B_(l_p)AtMt} — ¢ (1-p3)od, +(1-p2)0E, e 2 (-pioiy+(1-p?)oZ,
2
(-p(-p)od o+ O o202, A-pO-pdrody
— (1=pF)o2, +(1—p2)0Z, e (=rR)oZy+(1-p2)02, ™"

The first equality of the equation in the proposition obtains by noting that

P,
E l ;;1 |It:| _ eu+%(o$+a?A)E [e—(l—p)At‘xt] )

The second equality follows from the definition of X; = ¢”. From

Vg1 — dopr = (1 — p2) T + po(ve — dy) + O, €141

Dy yq B Dyyq e | Vet Det a, s
o[ v it 2 [N .

— E |:6‘u+a’“6”+1_(l_pm)jv_pfc(”t_dt)—gw €r1~Artin(Ele]) |xt]
—  ett3(e7 402 )= (1=pa)To+in(Ble®])) [e—px(vt—dt)—Atm}
— elﬁ‘%(Uzﬂ‘U?z)—(l—pz)a?v-i-ln(E[eAt])E |:e_pat(It_At"l‘ln(E[@At]))—At |l’t]

—  ettz(eitol)—pami—(1-p2)Z [e=Umpe)Beyg]
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Finally,

E [Mm] _ ot (62 AR [em (98 g,] 4 edohpaleetmELA)E [efafpz)m‘xt])

P
L (1-p)(1-p2)02, 2+ 15 P2 o2, (a-p(-pd)e?, o
— €u+§(UT+U€A)€ (1_P%)G€A+(1 92)‘7&T e (1_P%)‘72A+(1_P2)0'2m
(1) (1—p2)o2, ot 1p2) 02 o2 A-po)=pRloty
Fehtz(ot+od)—(1=pa)Z <1—p%>aeA+<1 p%m o (-pDoZ +1-p2)ag, TP

It is straightforward to evaluate the expectations in the proposition and prove the equivalence
between the above equation implies the equation given in the proposition.

Proof of Proposition 5
At time t, we have two signals on A,

pr = v+ A, — In(E[e]);
;= (v —dy) + A — In(E[e?]).

Note that v;, v; — d;, and A; are have a distribution of normal with mean (v, Z,,0) and a

2 2
ag
diagonal covariance matrix with diagonal covariance matrix element of (avt, T 6;2, s ) We

can express the above equation as

Pt — T)t + h’l(E[@At]) = ('Ut — @t) + At,
It—j = (Ut—dt_.fy)‘i‘At.

Therefore, conditional on p; and z;, the mean of A, is

(o= ) + (- 7)

1 1-p2 | 1-p?
= + =& + SF

o2, a2, O’?A
and the variance is
1
I . S
o5 0, EEN
Thus
2
17
L (pt—P)+ L (zy—7) (1—p)?
_(l_p) Tut 061 2
e pi 4 1507 2( oy logR 12 )
E[@ (1-p)A t|p xt] = e o2, o2, o, e o2, TEN
1-p2 N2 1 2
(1—p)<%m+ Qp”a‘c>+(1 2 ad-p)p, —(1—p) e a,
Tut 2€z vt2 67:
Z 3
ik 1 %Jrl%pﬁ% 1 +1%+1T”
— e U'Ut 0'693 O'€A e O.'Ut Uez A e O'Ez UEA
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The first equality of the equation in the proposition obtains by noting that

P,
E [ ;1‘xt7pt] = eu+%(a%+o2 )E[ (1= p)At‘xt Pt} .
t

The second equality follows from the definitions P, = eP* and X; = ¢**. Note that

Vepr — dip1 = (1= p2) @y + po(ve — dy) + Oc,€ii1s

Dy B Dy . Vit Dt+1 o~ Artn (E[e®t])
e[ Tt = Bl i) =B | e

= ehtz(ettod)—(—pa)a—pamiy [em =) py ]

Finally,

P+ D P, D
E |: t+1 Iz t+1 |$t:| - E [ t+1 |xt:| + E |: t+1 | :|
t

_ elﬁ‘%(a?«‘f‘U?A)E [6*(1*P)At ‘xtapt] + eﬂJr%(UgJFUeQw)*(1*Pz)j*Pz$tE [e*(lfpz)At ‘ph xt]

2
—(1— _ —(1— 1— .
(1—p)?2 (2 £) (pt—pt) MQM(J%_J))
'ut Tex
1— 1—p2 1—p2 1— 1—p2
+l(02+02 ) 2 + Pz+ P 2 + + 2P 2 + Pz+ P
— e'u’ 2\Wr %A/ e Tut Jez UeA e vt ‘751 7en e Tut Jﬁz UéA
2
—(1 —(1— 1— =
(1-pz)? M(l,t 5t) L}ﬂﬁm_m)
2 Tut Tex
1— 1—p2 1— 1—p2 1— 1—p?
_;’_l( 2+ 9 )_(1_ )i_ o 5 Pz+ P 2 + Pz+ P é + ﬂa:+ P
fertalortaod, Pz Pt o T4y o?, o2 e’ o8, oin e ut RN
L 1=p)? —(1—p) —(=p)(1=pF)
(1-p) TPt-FT:c o7, 7%,
— 2 2 2
2 2 1 1-pz  1—p 1 1-p2 1-p
1, 1-pz  1-p i H s s S +T+T
12442 P Tl o o o o o
— e.u“‘l‘ B) (ar +O—5A ) e Tt Ter TEA Pt vt €x €A X €x €A
P2\ 4 (mpm)? ~(—px) —(1—pz)(1=p3)
(I—pz) TPt-F +—a o%t ggx
— 2 2 — 2 5 Pz
1 1— 1 1—pz  1-p
1— p 1 p2 1 + Px+ P + z
_ T+Tm+T 2t Tt 3 P R A
+eﬂ+%(a$+0621 )7(17PI)I€ Tt Tex TEA A vt Tex Ten Xtd”t Tex TEAn

It is straightforward to evaluate the expectations in the proposition and prove the equivalence
between the above equation implies the equation given in the proposition.

Proof of Proposition 6
In vector notation, we can write
i = i + BF; + 0€] + 0,6,

We can write
Dt — Pt = O € + BF 4 0€].
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In terms of the notation of Lemma 1, § = o.,¢f, § = 0, Ay = 0, A; = I (where I is the
N-dimensional identity matrix), B = (oI, $1;), where I; is a N x 1 vector of 1’s. Therefore,

Yo = ol
and
AiSpA) + BB = (0® + 02 ) + L 1.
Let D = o2 +062A and Gy = 3 + (., we get
(A2 A} + BB) ™' = (0° +02,) 7' = (0% + 02, ) (L + N3 (0® + o2, )" )11

An application of Lemma 1 implies that

At = EgAll(AlzgoA,l—i—BB/)ilf
= a2 (P + 02 ) o — i) — 0l (0° + 02 ) 2L+ NG (0% +02) ) (e — n)-

€A
The first term is corresponds to the case of 5 = 0.

When N — oo, (1+ Nf%(0® 4 02,)7")"" — 0, thus the second term goes to zero, the
above formula reduces to the formula for the case” of 3 =0,

Ay =oc, (08, +0°) " (o = i)

Intuitively, each stock price is a signal on F;. When there are infinitely many of stock thus
infinitely many of the signals, the factor uncertainty is eliminated and thus can be ignored for
the inference about the noise A; and thus the computation of the expected return conditional
on prices and price ratios. We only need to consider the case of single stock, as long as only
the idiosyncratic volatility o are used.

Now let o, = % + 10:22 :
of p; and x; are zero. We need to compute

E[e—(¢1pt+¢2xt) ‘Rl]

. Without loss of generality, we can assume that the means

where Ry = {0,:0; < pr < 0pi0it1, 00t0ij < Tp < 0440, 41}, for various ¢; and ¢o. Define ¢
and z by the following equations.

P = V1= p?0nq+ popz,
Ty = OgptR.

Using the fact that p; and x; have variances of agt and af:t and covariance of po,0,, we can
show that ¢ and z are independent standard normals. By changing the variable from (p, ;)
E[e*(¢>1pz+¢>2$t) |Ry] = E[ef((ﬁl(\/1*p2‘7ptq+p0ptz)+¢20m2) | Ry)]

— E[e*¢1 iV 17p2¢7p)561*(<251pUthr(;ﬁng)z|R2]7

2
"Note that in Proposition 3, the variance of A; is ﬁ and variance of the value is o2,.

26



where Ry = {0; < /1 — p?q+ pz < 6;41,0; 5 < 2 < 6; ;41 }. Integrating out ¢, we get,
7] 7‘7
E[€_¢1\/1_P20'ptq_(¢lp‘7pt+¢2(7xt)z|R2] — e%aﬁffit(l—pz)E[e—(¢1papt+¢zazt)z(N(xl) — N(x2))|Rs],

where 71 = % + ¢/ 1 = pPoy, 10 = % + o1/ 1 — pPoy, Ry = (0i, 0 41). One can
show that

e%¢%a§t(1—p2>E[ (1ot 02000% (N (1) — N (2)) | R]
= e2(Ptontp1620m0mt SO LD (N (25) — N(23))| Rl
— Ele= w0220 (N (25) — N(2))|Ral,

0i11—p2 Tt Opt 0;—pz+(P2post+P10pt
T3 = +1—pP +\(/¢>12:02 +d10p )’ Ty = P (\/le_pz ¢10p )’ R4 = (5j+¢1po'pt+¢20'xt76j+l+¢1po'pt+
$2021). Noting that ¢3¢k o16armontedo2) Bl le—(em 6] wo got
Bl 6500 By = Ble @ BN (a5) — Nz )

The proposition is proved by noting that the expected value of e~ (#17¢+922t) conditional Ry
is E[e~(#1Pe+d220)| R] divided by the probability of Ry, which is 0.01.
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